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Plan of Attack

Symmetry and Quantum Field theory
Supersymmetry

String Theory and Quantum Field theory
M-theory

Back to Quantum Field theory



Symmetries in Physics

Symmetries underlie our deepest understanding of Physics

Special Relativity tells us that space and time are unified
and the rotations of space extend to “rotations” of
spacetime

SO(3) - SO(1,3)

rotations [orentz transformations

e.g. electricity + SO(1,3) = electromagnetism

Marrying special relativity to qguantum mechanics gives
quantum field theory



Quantum Field Theory

= a free particle

e an irreducible representation of the Lorentz group SO(1,3)

* and an internal symmetry group G (e.g. flavour symmetry)

* and some gauge group Gg where the symmetry is allowed to be
local (i.e. spacetime dependent)

= Interactions

e term/terms in the Lagrangian/Hamiltonian that are invariant under
SO(1,3)xGixGa
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Could there be
something deeper?

Given the important role of symmetries could there be a
bigger group that extends SO(1,3)xGixGg?

Here one has anti-commuting generators (spinor
representations of the Lorentz group)

Usual Lie-algebra [T, Ti] = TiTi-TTi = fikT«k

Super-Lie-algebra {Qa,Qb} = QaQp+QbQa = Pap

supersymmetry generators  translations (momentum)



So What?

The associated conserved charges of these symmetries are
not Lorentz invariant (e.g. they sensitive to rotations)

Acting on a particle in one representation of the Lorentz group
produces a particle in another representation

This means that for every matter particle (fermion) there is an
associated force particle (boson)



Could there be
something still deeper?

But something is missing: what about gravity”

Recipe: replace particles by strings and guantise

vibrations (standing waves) become particles in
guantum theory




So What?

This Is a surprisingly rich thing to do:

produces an infinite tower of particles but only the
lowest modes are relevant for low energy

e closed strings give gravity
e open strings give gauge forces

e with deep connections to mathematics
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Strings are also (almost) unigue: once you say how a
single string behaves you also know how It interacts

This leads to just 5 of possible theories describing
particle physics unified with gravity



S0 What Do Strings Say
About QFT?

Open strings have to end somewhere
Such a surface is called a Dp-brane
e p=0,1,2,... Is the spatial dimension

SO a particle is a DO-brane,
a string a D1-brane etc.

 Their dynamics are governed by a p+1
dimensional quantum field theory, arising from
dynamics of the open strings, that “lives” on
the brane’s worldvolume.



What are these guantum field theories?
Consider the simplest cases consisting of flat parallel Dp-branes
|dentity the symmetries:

1) Lorentz transformations (“rotations”)

SO(1,9) » SO(1,p)xSO(9-p)

“rotations” rotations off the

myiaiions along the brane brane

2) Supersymmetries: Qa

these are in spinor representations of both SO(1,p) and
SO(9-p), not just SO(1,p). Known as an R-symmetry



For example for the D2-brane we would need a
supersymmetric guantum field theory in 2+1 dimensions with

G = SO(7)

The required theories have been known for 40 years:
(maximally supersymmetric) Yang-Mills theories

* highly symmetric cousins of the gauge theories In
the standard model of particle physics



Enter M-Theory

We now see the 5 String Theories as perturbative
expansions of some deeper theory: M-theory

e 11-dimensional
e Ry = gs|s—’ o

e strongly coupled

No clear experimental predictions but
M-theory has interesting predictions for Quantum Field
heory




In the strong coupling limit D-branes migrate to M-branes

e [1 M2 (wrapped)
String + D2 M2 M-
theory theory
branes + D4 MS (wrapped) branes
e NS5 M5

* NO Microscopic picture of M-theory or M-branes (no strings
attached)

e formally open M2-branes ending on M2's,M5’s




S0 What Does M-Theory say about
Quantum Field Theory?

M-theory has M2 and Mb5-branes but now they live In
11D so it predicts quantum field theories with

M2-branes: 2+1 dimensional
e SO(1,2) x SO(8) symmetry

Mb5-branes: 5+1 dimensional

e SO(1,5) x SO(5) symmetry




The first examples of these M2-brane theories is to
describe two M2’'s and the general case for N M2's is

To describe these theories let us first look in more detall
at the theories string theory predicts:

* Fields associated to the open strings are
naturally described by matrices Xag where
A,B=1,.. N labels which brane the ends of

. the string end on.
e Splitting and joining of strings is like matrix

multiplication

e.g. X,Y|io—— X11Y12+ Xi2Y22 = (XY )12

* S0 one finds a theory of NxN matrices



In particular this gives maximally supersymmetric U(N) Yang-
Mills gauge theory:

4

S =— / dPHly l(F, F)+% > (Dx! ,DX’)—% > (1xT, x7), (X1, X))+ fermions
I 1J

Fields take values in the U(N) Lie algebra

e (,)Is an invariant inner product on Lie(U(N))
e D=d+ Als aconnection
e F=dA+[A,A] Is the curvature
e [XIXJ] = XIXJ - XIX
e Jacobi identity:
LLXEXI] XK ]+ (K0, XK X+ (X, XT], X9 ]=0



To construct the M2-brane theory various symmetries imply that
we need triple products

Fields take values in a 3-algebra V with triple product
o [XIXIXK]VE —V
e Fundamental identity:
[[ XX XK], XL XM+ [ XK [XE XS XL XM+ XK XL [XE X, XM =0

S — —/d3x %Z(DXI,DXI) - % > (X x7, x5, T, x7, X K)
I

IJK

+ (AN, dA — %A A A) + fermions

e D=d+A is a connection on a lie-algebra Lie(G)
e (,)Is an invariant inner product on Lie(G) (not positive definite)
* £ ,> Is an invariant inner production on the 3-algebra



3-algebras tell you the gauge algebra as the fundamental
identity insures that

X — [A,B.X]

IS the action of some Lie(G) on V (for any pair A,B in V)

S0 these theories are Chern-Simons theories for some group G
with matter fields in certain representations of GG

The amount of supersymmetry is determined by the symmetry
properties of the triple product [ , , | and hence by G and V.



We are after a maximally supersymmetric theory with SO(8)
symmetry

This requires that [ , , ] is totally anti-symmetric,

e.g. If Ti i=1,2,3,4 are a basis for V then (k is an integer)

The Lie algebra is that of SU(2)xSU(2) with matter fields in
the (2,2).

In fact this choice is the unigue with SO(8)

Describes two M2-branes In eleven dimensions.



Slightly less symmetry (SO(6)xSO(2), 3/4 supersymmetry)
gives infinitely many choices

X7, X7, XK = 2 (X (X)X - X (X))

Here X! are NxM matrices

The associated gauge Lie algebra is that of U(N)xU(M)
with matter fields in the (N,M)

Describes an arbitrary number of M2-branes in eleven
dimensions (with a spacetime Zx orbifold)
- dual to AdSa x S7/Zk

Curiously most of the SO(8) theories have no known role
in M-theory: could there be something deeper?



Why did it take so long to find these
theories”?

They have at least two novel features:

1) The gauge fields are not in the same representation of the
gauge group as the other fields

* okay since they are non-dynamical

2) The amount of supersymmetry depends on the choice of
gauge group (the Lagrangians are essentially the same)

e SU(2) x SU(2) has maximal supersymmetry
e U(n) x U(m) have 3/4 of maximal supersymmetry
e other groups have less supersymmetry

e.g. GoxSU(2) has 5/8 supersymmetry

These are nicely encoded in the 3-algelbra form but quite obscure in
the usual Lie-algebra formulations.



Until they were predicted it was thought that guantum
fleld theories could not exist above four dimensions and
we still have no systematic (text book) tools for them

The existence of this theory encapsulates a great
number of highly non-trivial results about lower
dimensional gauge theories (S-duality)

There are also several cousins in five and six dimensions

As well as relations to pure mathematics (Langlands
Programme).



It Is not thought to have a 6D Lagrangian description
Reduction on ST gives 5D Super-Yang-Mills.

Reduction on S' x ST gives 4D Super-Yang-Mills with
manifest S-duality arising from modular transformations.

| have been exploring how ditferent actions arise from
choices of ST which arise from a single six-dimensional
system with constraints.

No single action seems to capture all the physics but:



have a (2,0) System:

0= D2x! %[Y",\T/,Pafi\lf] + Y7, X7, [¥y, X7, X))

1 ' _
0= D[)\Hw/p] T Zguu)\paT [Yaa XI7 DTXI] T %gw/)\paT [Yaa \Pa FT\I]]

0=TI"D, ¥+ T, T [yr x! v,

o X! = ier'w
SYH =0
1 1
oV =T+ D, X e+ 2.—3!HNV>\P'U’V>‘E — §rur” YH X! X )e
0H ) = 3iel,, Dy + il T 0, Y7, X, V]

0A,(-) =€l YV, ¥, -]




There are also constraints:

SO In particular the vector Y is fixed to a constant and is
non-dynamical.

There Is also a generalization to Include
M2-branes by introducing a constant abelian 3-form.

In this case some of the components of Y become dynamical

—iXing Y In different ways and solving the constraints
eads to different actions, all associated to some
oroposal for the (2,0) theory:




Y spacelike: Constraints imply compactification on S’

1 1 1
x (ZF,,,,F'“’ + §D,,X’D"X’ - Z[x’,x-’][x’,XJ]

1

+%\i:r#0,,\p + §\I:r’[x’,\1:]) .

This is 5D mSYM. But we

have conjectured that this is in fact non-
perturbatively well-defined and defines the (2,0) theory on S°
with no additional UV degrees of freedom.

KK modes are given by soliton states whose spatial profiles are
given by solutions by self-dual gauge fields:

1
P= — —tr/F/\F

 R; 872
e e

instanton number € Z




Y Timelike implies compactification on a timelike S?

T (iFijFij - %DiXIDiXI - i[XIvX']][XIvXJ]

1

+"§'~i:r,-D,-w - §\I:r’[x’,qf]) .

This is a Wick-rotated version of the previous conjecture

Here one sees the entire world volume of the various states as
solitons.

l.e. a particle appears as a 1D worldline and a string as a 2D
world sheet



Y Null leads to compactification on a light like S'

1
S..\rsvy’.,\l — _tr/ d;ld.l ( F-}-;F-}-g — 2D,XID,XI -+ 2EJC;J

+§\III‘_D+\I' - E‘I'FiDi‘I' — %\i:[x’,r_r’\p]) ~

This Is a curious non-Lorentzian theory with 16 supersymmetries.

Gij Is self-dual and its equation of motion implies that Fjj is anit-
self-dual:

Dynamics is restricted to the Manton approximation of
motion on the ADHM moduli space

This reproduces and old DLCQ matrix model proposal of



Conclusions

In this talk | have tried to show how M-theory leads to
non-trivial predictions about ‘ordinary’ guantum field

theory.

Predicts 3D CFT’s with enhanced symmetries:

Now all constructed via Chern-simons
Lagrangian theories with novel gauge groups

Also predicts highly non-trivial 6D CFT’s
No Lagrangian description with all symmetries

But there are tamilies of field theories and still
much to be learnt
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